Lagrange’s equations of motion
Solving Newton’s equations of motion for a system of N partlclm

mii:i =Fie +ZF“ 4 ‘ (l)
i

where F;° stands for the external force and Fj is the internal force on
the ith particle due to the jth particle, we get the position of every
partncle as a function of time t, r;(t).

Usually things are more complicated: there ex1st constraints that limit
the motion of the system. E.g.

e A point mass moving on the surface of a sphere

e Arigid body (the distances between the particles are constants)

e Gas molecules within a container are constrained by the walls of
the vessel to move only inside the container.

Constraints introduce two types of difficulties:

1. The coordinates r; are no longer independent, since they are
connected by the equations of the constraint. Thus the equations (1)
are not all independent. -

2. The forces of the constraint are also unknowns.

We overcome these difficulties by:

1. Introducing suitable generalized coordinates

2. Using Lagrange’s equations of motion



Types of constraints
» Holonomic consﬁ'aints: _
| ﬁrb I, I3, .. 1'3N, t)=0 (2)

. rheonomous, if t appears explicitly in (2)
¢ scleronomous if the constraint does not depend exphcltly on
time

Examples:
e Motion of a particle on a sphere of radius R:
X +y +2Z-R*=0

o Two partlcles on the plane moving as a ngld body (their distance d
remains constant)

(%) + (Y1-y2) - 2 =0

» Nonholonomic constraints

A particle placed in the interior of a sph
clep in the interior of a sphere:
X +y*+ 2 <R

Generalized coordinates (q;): The independent parameters needed
for defining the position of a particle or a system of particles.

Configuration space: The space whose coordmates are the
generalized coordmates Qi

Degrees of freedom: the number of generalized coordinates.

Generalized velocities: The tlme derivatives of generalized
coordinates q; -



A system of N particles, free from constraints, has 3N independent
.coordinates or degrees of freedom. If there exist k holonomic
constraints of the form (2), then we may use these equations to
eliminate k of the 3N -coordinates. So we are left. with 3N-k
independent coordinates, so the system has 3N-k degrees of
freedom.

This elimination can be done by introducing 3N-k new independent
variables q;, qy, ...., q3n.k in terms of which the old coordinates ry,
Iy ..., Iy are expressed by the equations:

5=1;(q1, 92, ..., P3Nk ) fori=1,2, ..., 3N 3)

In general we can solve (3) with respect to the new generalized
coordinates and get:

qi=qi (1, 12 ..., I3n, t) fori=1,2,...,3N-k 4)

The equations expressing nonholonomic constraints cannot be used to
- eliminate the dependent coordinates. So nonholonomic constraints do
not reduce the number of degrees of freedom.

A yirtual infinitesimal displacement of a system refers to a change
in the configuration of the system as the result of any arbitrary
infinitesimal change of the coordinates dr;, consistent with the forces
and constraints imposed on the system at a given time t. The
displacement is called virtual and denoted by () to distinguish it from
an actual displacement of the system, denoted by (d) occurring in a
time interval dt, during which the forces and constrains may be
changing.



A mass point moving free of constraints is a system with 3 degrees of freedom.
As generalized coordinates can be used the cartesian coordinates x, y, z or the
spherical coordinates r, 0, @.

If the point is moving on a sphere of radius R then we have 1 holonomic
constraint of the form:

X +y +22-R*=0

This constraint is scleronomous if R is constant and rheonomous if R changes in

- time R(1). So the system has 2 degrees of freedom. We can choose as
genemhzedcoordlmtesﬂlegg 0. 9. (

The transformations between the generalized coordinates and the cartesian
coordinates are:

x =R cosp cos,

y =R coso siné,

z=Rsing

and
9= arctan(l)
X




Principle of virtual work

We ,cqnsider the system of N particles with k holonomic constraints,
to be in equilibrium i.e. the total force on each particle vanishes

Fi=0 (5)

Then the virtual work of these forces also vanishes
| Z‘Fi +o5, =0 O (6)

We decompose the total force F; into the applied force F? and the
force of the constraint R;

E=F+R; | (7)

Then eq.(6) becomes:
ZF‘MZR &=0 ®)

We consider systems where the net virtual work of the forces of
ints is zero (or the forces of constraints are ndicular

to the constraint’s surface):
ZRi &=0 | ©)

. Principle of virtual work:
The necessary and sufficient condition for a system to be im
equilibrium is that the virtual work of the applied forces vanishes
for all virtual displacements: |

2F =0 | | (10)




D’ Alembert’s prmcnple and Lagrange S equatlons

In the general case that the system is not at equilibrium, Newton’s
equations of motion give: "

E=pioF-pi=00F +Ri-p=0 ) (B - p;)-+ I R; & =0
, i i '

Since the virtual work of the forces of constraints is zero (eq.(9)) we
get the D’ Alembert’s principle:

Z(Fia' m;5)-o =0 (11)

The D’ Alembert’s principle does not contain the forces of constraints,
and the superscript (a) can be dropped. Since 8r; are not independent
we will transform eq.(11) into an equation involving the independent
virtual displacements 8q;.
From eq.(3)

I =TI (ql, q2 ...+ 3Nk t) for i=1, 2, coey 3N

we get

dr; o ., On
Rt §aq a (12)

k

and

N R
&%-qu;"qi (13)




So in terms of the generalized coordinates the virtual work of F;
becomes:

ZF O = ZF '5‘1: ZQJ - &q; (14)

where Q; are called the generalized forces defined as

ar
Q;= aq, (15)

From eq.(12), since r; and (0ri/6t) do not depend on dx we get

ou; _ 0 |
We also have (using eq.(12)).
d| or o, . 3, & ou,
—_— ] = qk + = == :
dt an k 5‘1ja¢lk anat a‘lj aClj (17)

The second part of D’ Alembert’s principle (eq.(11)) using eq.(13)
becomes:

Zmr,é’r Zmr ‘qu (18)

So we get

g T i) -



Using eqs.(16) and (17), eq.(19) becomes |
| . o d ou, ou; |
Zmi L '%J'=2J:{a{mn u; ’BE:]‘mi “i‘é‘q‘;'} | (20)
so the éecond term of éq.(l 1) can be written as
Zm. -8 = Z{ [ (Z%m uj D-%(Z%mi u?) }&j 1)

Identifying )" im; u} with the kinetic energy T of the system, D’
Alembert’s principle becomes:

Je@iafape e

Since the virtual displacements are independent eq.(22) holds when

d|dr :
Bl L L 1,2,...3N -k
l [B.JJ 0, Q; j=12,..3 | (23)

When the forces are derived from a scalar potential function V

-Fi=-ViV | , (24)

the generalized forces can be written as:

Q; ='2Fa-7ﬁ;=-ZViV--a—;j-=-&—; | (25)

Since V does not depend on the generalized velocities eq.(23)
becomes .



_a(T'v)=0

%)
dt| g,

5q;

Deﬁmng the Lagrangian function L.

L=T-V

we get the Lagrange’s equations:

oL

-0

an‘

dfa

!

e They have the same form for .any set of generalized functions
e The unknown forces of the constraints do not appear -

Advantages of Lagrange’s equations:

(26)

@7

(28)
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